ON FINITE REPRESENTATIONS OF CONFORMAL ALGEBRAS 
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Abstract. We prove a finite torsion- free associative conformal algebra to Irave a finite faitlrful 
conformal representation. As a corollary, it is shown that one may join a conformal unit to 
such an algebra. Some examples are stated to demonstrate that a conformal unit can not be 
joined to any torsion-free associative conformal algebra. In particular, there exist associative 
conformal algebras of linear growth and even locally finite ones that have no finite faithful 
representation. We also consider the problem of existence of a finite faithful representation 
for a torsion- free finite Lie conformal algebra (the analogue of Ado's Theorem). It turns out 
that the conformal analogue of the Poincare — Birkhoff — Witt Theorem would imply the Ado 
Theorem for finite Lie conformal algebras. We also prove that every torsion-free finite solvable 
Lie conformal algebra has a finite faithful representation. 



1. Introduction 



Conformal algebras were introduced in 
bras 



Kac, 1996 as a useful tool for studying vertex alge- 



see 



Frenkel et al., 1998 



as a general reference. The structure of a (Lie) conformal algebra 
encodes the singular part of the operator product expansion (OPE) which is responsible for the 
commutator of two fields. Namely, suppose (V, Y, 1) is a vertex algebra, where \^ is a space of 
states, Y : V ^ End V[[z, z~^]] is a space-field correspondence, 1 G \^ is a vacuum vector. The 
commutator of two fields can be expressed as a finite distribution 



1 



[Y{a,w),Y{b,z)] = J2^yicn,z) 



d"'5{w — z) 



n>0 



dz"^ 



a, 6 e V, 



where c„ G 



V, 5{w 



E w 



'"j; *" ^ is the formal delta-function. Then 



% 



Y{cn, z) = Res^=o(w - z)''[Y{a, w), Y{b, z)], 



where ReSw=oF{w,z) means the formal residue at w = 0, i.e., the formal series in z that is a 
coefficient of F{w, z) at w"^. 

One may consider the space of fields {Y{a, z) \ a & V} as an algebraic system with operations 
D{-) and (• („) •), ra > 0, where D is the formal derivation with respect to z, F(a, z) („) Y{h, z) = 
Y{cn,z). The system obtained is known as a (Lie) conformal algebra, it has precise axiomatic 
description. Roughly speaking. Lie conformal algebras relate to vertex algebras as ordinary Lie 
algebras relate to their associative enveloping algebras. 

Conformal algebras as well as their representations and cohomologies have been studied in a 

IBakalov et al., 1999i[D^Andrea and Kac, 1998i [Cheng and Kac, 1997 



series of papers, see, e.g. 



Roitman, 1999| [Roitman, 2000| [Boyalhan et al., 2003[ [Retakh, 200T| [Retakh, 2006] . In partic- 



ular, associative conformal algebras naturally appear in the study of representations of Lie 
conformal algebras. 

From the algebraic point of view, all these notions (various conformal algebras, their repre- 
sentations and cohomologies) are higher-level analogues of the ordinary notions in the pseudo- 
tensor category [Beilinson and Drinfeld, 2004] associated with the polynomial Hopf algebra 
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H = k[D], see [Bakalov et al., 2doT for details. Note that ordinary algebras (representations, 



cohomologies) correspond to the case of l-dimensional Hopf algebra. 

For conformal algebras, the analogues of finite-dimensional algebras are those finitely gen- 
erated as modules over H = k[D]. These conformal algebras are called finite. The structure 
theory of finite Lie conformal algebras was developed in D 'Andrea and Kac, 1998 and later 



generalized in Bakalov et al., 2001] for pseudo-algebras. The structure theorems for finite asso- 



ciative conformal algebras and pseudo- algebras were derived from the corresponding statements 
on Lie algebras. 

If an ordinary (Lie or associative) algebra A has a finite-dimensional faithful representation 
then A is obviously finite-dimensional itself. This is not the case for conformal algebras: If 
a (Lie or associative) conformal algebra C has finite representation (i.e., a representation on 
a finitely generated iJ-module) which is faithful then C may not be finite itself. This phe- 
nomenon brings into consideration another class of "small" conformal algebras — those with 
finite faithful representations. The structure of such associative conformal algebras was de- 
scribed in Kolesnikov, 2006b] . For Lie conformal algebras with finite faithful representations. 



the classification problem was partially solved in jBoyallian et al., 2003 De Sole and Kac, 2002 
Zelmanov, 2003] , but remains open in general 



However, it is not clear that the class of all conformal algebras that have a finite faithful 
representation includes the class of finite conformal algebras. 

For associative conformal algebras, this question is closely related with another one (posed 
Retakh, 2006] ): Is it possible to join a conformal unit (introduced in jRetakh, 2001] ) to 



m 



an associative conformal algebra? The last problem is interesting itself since unital conformal 
algebras have a good structure raising from ordinary differential algebras (see Theorem [1]). 

In this paper, we solve both these problems for associative conformal algebras. It turns out 
that every finite associative conformal algebra can be embedded into an associative conformal 
algebra with a (two-sided) conformal unit. In particular, every finite associative conformal 
algebra has a finite faithful representation. For infinite associative conformal algebras, these 
statements are not true: We state examples of associative conformal algebras that can not be 
embedded into unital ones (even with a one-sided unit) and have no finite faithful representation. 

For finite Lie conformal algebras, the problem of existence of a finite faithful representation is 
an analogue of the classical Ado Theorem for finite-dimensional Lie algebras. If L is a centerless 
(e.g., semisimple) finite Lie conformal algebra then the regular (adjoint) representation of L on 
itself is finite and faithful. However, this is unknown if every finite Lie conformal algebra has a 
finite faithful representation. This is also unknown whether a finite Lie conformal algebra can 
be embedded into an associative conformal algebra (this is not true in general Roitman, 2000] ). 



In jRoitman, 2005 , it was shown that a nilpotent Lie conformal algebra can be embedded into 



a nilpotent associative one. Taking into account that finitely generated nilpotent associative 
conformal algebra is finite, we may conclude that a finite nilpotent Lie conformal algebra has 
a finite faithful representation. In this paper, we obtain a more general result: Every solvable 
Lie conformal algebra has a finite faithful representation (in particular, it can be embedded 
into a unital associative conformal algebra). We also show that if the conformal analogue of 



the Poincare — Birkhoff — Witt Theorem in the sense of Roitman, 2000 holds for a finite Lie 



conformal algebra L then L has a finite faithful representation. 

2. Preliminaries 

2.1. Conformal algebras. Suppose C is a left unital module over the polynomial algebra 
H = k[D] (char Ik = 0) equipped by a countable family of k-bilinear n-products (■ („) ■), n ranges 
over the set Z_|_ of non-negative integers. Then C is said to be a conformal algebra jKac, 1996 
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if these operations satisfy the following axioms: 

(1) a („) 6 = for almost all n > 0, 

(2) Da („) b = -na („_i) b, 

(3) a („) Db = D{a („) b) + na („_i) b 

for all a,b & C. (One should assume zero in the right-hand part when the index of a product 
becomes negative.) 

The axiom ([1]), known as the locality axiom, allows to define locality function Nc '■ C x 
C — )■ Z+. Namely, Nc{a,b) is the minimal non-negative integer such that a (^n) b = for all 
n > Nc{a,b). Axioms ([2]), Q are called sesqui-linearity. 

A conformal algebra C is said to be torsion-free if it has no torsion as an if-module: 

Tor^C ■= {aeC \ha = for some O^he H} = 0. 

It was proved in [ Kac, 1997| that the torsion of a conformal algebra C is an annihilator ideal 
of C, i.e., C („) TothC = TothC („) C = for all n > 0. 



A very useful technique for computations in conformal algebras was proposed in Kac, 1997 
Assume A is a formal variable taking on its values in k, and consider 

Ncia,b)-1 ^„ 

"W^= Xl —ia{n)b)EC[\], a,beC. 
n=o '^■ 

The polynomial a (a) b with coefficients in C is called X-product of a and b. Then ((21) and ([3]) 
can be equivalently written as 

Da (A) b = -\{a (a) b), a (a) Db = {D + \){a (a) &). 

For a, 6 G C, n > denote 

(4) {a(„)6} = 5^t^Z5^(a(„^^)5). 

s>0 

The sum is finite because of ([I]). In terms of A-product, the elements {«(„) b} are the coefficients 

of 

A" 
{a (A) b} := ^ —{a („) b} = (a (_d-a) b) E C[\]. 

n>0 

A conformal algebra C is said to be associative if 

(5) a (A) {b (^) c) = (a (a) fe) (a+/.) c 
or, in terms of n-products, 

(6) a („) (6 (m) c) = ^ ( j (a („_s) 6) („+^) c 

s>0 ^ ^ 

for all a,b,c E C, n,m > 0. If 

(7) (a (A) &) = -{b (A) a}, 

(8) « (A) {b (^) c) - 6 (^) (a (A) c) = (a (a) b) (a+^) c 
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for all a,b,c & C then C is said to be a Lie conformal algebra. These properties can be expressed 
in terms of n-products as follows: 

(9) (a („) b) = -{b („) a}, 

(10) a („) (b (.) c) - b (^) (a („) c) = Y: Q (a (n-.) 6) (.+.) c 

s>0 ^ ^ 

for all n,m >0. 

In Bakalov et al., 2001| , these notions were explained in terms of pseudo-tensor categories. 



One may consider {■(„)■}, n > 0, as a new family of operations on C. It is easy to verify 
that 

{Da (A) b} = {D + X){a (a) b}, {a (a) Db} = -X{a (a) b}. 

If C is an associative conformal algebra then these operations have the following properties 
(see |Kac, 1997| ): 

(11) «(A) {&Mc} = {(a(A)6) (^)c}; 

(12) {a (A) {b (^.) c)} = {{a (^) b} ^x-^,) c}; 

(13) {a (A) {b (^,) c}} = {{a (a_^) 6} (^) c}; 

(14) {a(A)6}(^)C = a(^„A) (&(A)c), 
for a,b,c E C . 

Example 1. If A is an ordinary (associative or Lie) algebra then the free iZ-module C = H®A 
is an (associative or Lie) conformal algebra with respect to 

(/(D) ® a) (A) {g{D) ®b) = f\-X)g{D + A) ® a6, f,geH, a,beA. 

This structure is called the current conformal algebra Cur A over A. 

Example 2. Consider the free iJ-module C = H ® k[x] ~ k[D,a;]. Then the A-product 

/(D, x) (A) g{D, x) = /(-A, x)g{D + A, x + A), f,ge k[D, x], 

turns C into an associative conformal algebra known as the Weyl conformal algebra. 

Example 3. Consider the free 1-generated iiT-module generated by an element x. This module, 

H kx, with respect to the A-product 

(/(D) ® x) (A) {g{D) ®x) = f{-\)g{D + \){D + 2A) ® x 
is a Lie conformal algebra called the Virasoro conformal algebra Vir. 

Given an associative conformal algebra C, one may consider the same ilf-module endowed 
with new operations (■ („)°p ■), n > 0, defined as follows: 

a („)°P 6 = {6 („) a}, a,b e C. 

Then the system C°p = {C,D,{- („)°p ■),n > 0) is an associative conformal algebra called 
opposite to C. It is clear that (C°p)°p = C. 



An element e of an associative conformal algebra C is said to be a (left) unit Retakh, 2001 
if e (0) X = X for all x G C and Nc{e, e) = 1. It is natural to introduce the "opposite" notion: 
e is said to be a right unit of C if {x (o) e} = x for all x G C and Nc{e, e) = 1. It is clear that 
if e is a left (right) unit of C then e is a right (left) unit of C°p. If a left unit e G C is a right 
unit of C then it is said to be a two-sided unit of C. 

Relations f ll2p and f ll4p imply that if e is a left (right) unit of an associative conformal algebra 
C then (a — {a (o) e}) (a) C = (respectively, {C (a) (a — e (o) a)} = 0). Therefore, if the left 
(right) annihilator of C is zero then each left (right) unit is two-sided. For example, this is 
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the case for seinisimple conformal algebras. The following statement was originally proved in 
a slightly weaker form. 

Theorem 1 ( [Retakh, 2001| ). Let C he an associative conformal algebra with a two-sided unit. 
Then there exists an ordinary associative algebra A with a locally nilpotent derivation d such 
that C c:^ H ® A with respect to the X-product is given by 

(/(/}) ® a) (,) {g{D) ®b) = f{-X)g{D + A) ® ae^^{b), a,beA, f,geH. 

In particular, a {n) h = ad"'{b) for a,b G A. Conformal algebras of this type are called 
differential [Retakh, 2 OOT] . 



If C is an associative conformal algebra then the same if-module with respect to the new 
products 

(15) [a(„) 6] = «(„) 6- {6(„) a}, a,beC,n>0, 

is a Lie conformal algebra denoted by C^^\ It is easy to deduce from ([5]), (ITT|) - flT4|) that 

(16) [a (A) (b (^) c)] = [a (a) b] (a+^) c + 6 (^) [a (a) c]. 

Given a Lie conformal algebra L, one may consider the category S{L) of associative envelopes 
of L. The objects of S{L) are pairs (C, l), where C is an associative conformal algebra, l : L ^ 
C^' is a homomorphism of conformal algebras, and C is generated (as an associative conformal 
algebra) by the set i{L). Suppose (Ci, li) and (C2, ^2) are two objects oi£{L). A homomorphism 
(y9 : Ci — 7- C2 of conformal algebras is a morphism of S{L) if Lpii = L2 : L ^ C2 ■ 

The natural analogues of universal associative enveloping algebras for Lie conformal algebras 



were introduced in Roitman, 2000 . Suppose L is a Lie conformal algebra generated by its 
subset -B, and let A^ be a function from B x B to Z_|_. Then there exists an associative 
envelope {Un{L),lm) G S{L) satisfying the following property: For every {U,l) G S{L) such 
that Nu{L{a), L{b)) < N for all a,b E B there exists a morphism of envelopes (p : Un{L) — ?■ U. 

It was shown in [Roitman, 2000| that there exist Lie conformal algebras L such that i is not 
injective for every {C,l) G S{L), i.e., L can not be embedded into an associative conformal 
algebra. 

The classical Poincare — Birkhoff — Witt (PBW) Theorem for Lie algebras states that the 
graded associative algebra gr U{q) (with respect to the natural filtration) of the universal en- 
veloping algebra U{q) of a Lie algebra q is isomorphic to the symmetric algebra S{q). For 
conformal algebras, the analogue of the PBW Theorem would sound as follows [Roitman, 2000 



If L is a torsion-free finite Lie conformal algebra with a basis B over H then every associative 
envelope {U, t) G S{L) has a natural filtration Ui ^ U2 '^ ■ ■ ■ defined as follows: f/„ is spanned 
over H by all terms i(ai) („j) ■ ■ ■ (nk-i) '^i.o.k), ai E B, 1 < k < n, Ui > 0, with any bracketing. 
Since f/„ (a) Um C f/„_,_m[A] for all n,m > 1, the graded associative conformal algebra grU can 
be defined in the ordinary way. 

In [Roitman, 2000| , the notion of the PBW property for torsion-free conformal Lie algebras 
(with respect to a fixed basis B over H) was proposed: An algebra L has the PBW property 
with respect to B if for any sufficiently large constant locality function N on B x B the graded 
universal enveloping associative conformal algebra gr Un{L) is isomorphic to the free commuta- 
tive conformal algebra generated by B with respect to the locality function A^. Unfortunately, 
not all finite torsion-free Lie conformal algebras have the PBW property. 

2.2. Conformal endomorphisms and representations of conformal algebras. Let us 

recall the notion of a conformal endomorphism Kac, 1997[ . Consider a left unital module M 



over H. By End M we denote the associative algebra of k-linear maps from M to itself. A 
left (right) conformal endomorphism of M is a sequence a = {a„}„,>o, «« G EndM, such that 
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for every u & M we have an{u) = for almost all n > 0, and [an, D] = nan-i (respectively, 
ctriD = -na„„i). 

Denote by Cend M (Cend*^ M) the set of all left (right) conformal endomorphisms of M. 
These are linear spaces which are also if -modules with respect to the actions defined by 

{Da)n = —na^-i, a E Cend M, n > 0; 
{Da)n = Dan + nan-i, a G Cend'' M, n > 0. 

If M is a finitely generated if-module then both Cend M and Cend*^ M are associative 



conformal algebras with respect to the following operations Kac, 1997 



(a{n) &)m = ^(-1)''( jan~sbni+s, a, 6 G Cend' M, n, m > 0; 

s=0 ^ ^ 

™ / \ 
(o (n) b)m = ^i j bn+sam-s, a,b E Cend*" M, n,m> 0; 

These operations can be defined on Cend M and Cend*^ M for an arbitrary if-module M. 
Finiteness condition is needed to guarantee the locality axiom ([1]) to hold. If M is an infinitely 
generated if-module then ([1]) may not be true in Cend M or Cend'' M , but it is still possible to 
define {■ (n) ■}, ^ > 0, via (jl]): Infinite sum converges to a conformal endomorphism. Therefore, 
the operations (TT5|) are well-defined on Cend M or Cend*^ M. If M is finitely generated over H 
then (Cend MY~^ is a Lie conformal algebra denoted by gcM. 

One may consider a conformal endomorphism a G Cend M as a formal power series 

ax = J2:^^n^{EndM)[[\]], 

ra>0 

where a\{u) G M[X\ for every u E M and axD = {D + X)ax. Then the operations of a conformal 
algebra can be defined in terms of formal series as 

{Da)x = -Xax, (a (a) b)^ = axb^_x, a,b e Cend' M. 

For Cend'' M, a similar description can be stated. In this case, a formal series ax G 
(EndM)[[A]] defines a right conformal endomorphism if ax{u) G M[X] for every u E M and 
axD = —Xax- Conformal operations are defined by 

{Da)x = {D + X)ax, (a (a) b)^ = bx+^,a^, a,b e Cend"" M. 

Proposition 1. There exists an H -linear bijection r : Cend' M — )■ Cend'' M such that {r(6) („) 
T{a)} = T{a(^n) b) for all a,b E Cend M, n> 0. In particular, for a finitely generated H-module 
M associative conformal algebras Cend M and (Cend'' M)°p are isomorphic. 

Proof. Consider the map 

T : Cend' M -^ Cend" M, 

r{a)n = ^ -^ ^ D'ttn+s, a G Cend' M, n > 0. 

s>0 

The sum in this definition is formally infinite, but T{a)n is a well-defined linear map from M 
to M since for every u E M only a finite number of «„(«) are nonzero. 
In terms of formal power series, r may be expressed as 

T(a)x = a.D~\- 
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Let US check that T{a) G Cend'" M. Indeed, 

T{a)xD = a^x-oD = {D + (-A - D))a^x-D = -Xr{a)x. 

Moreover, r{Da)x = {Da)_D_x = (-D + X)a_D-\ = (-D + \)T{a)x = {DT{a))x, so r is if-hnear. 
Note that r is a bijection since r~^ can be defined by the very same formula: T~^{b)x = b^x~D, 
b G Cend" M. 
Finally, 

Mb) (,) ria)}, = {rib) (_z.-a) r{a)), = J^ 1((-D - A)"(r(6) („) r{a))), 

n>0 

= J2^(-^ - ^'- ^^^(^(^Un)r{a)),= J2 -Ai-D - f^- X)>'^h)r{a)^+sr{b)m-s 

It, It, lit, \ O / 

n>0 n,m,s>0 ^ ^ 



^-^ n! (m — sy. si 

n,m,s>0 

E— — {-D - /i - A)>V(a)„+s y^ —rlJ'"'r{b)m = r{a)^D-\r{b)^ = axb-o- 



n,s>0 m>0 



for every a,b G Cend M. On the other hand. 



n,m>0 



■^^ nlml \s / 

n,m,s>0 ^ ' 

E —^-y^r^-D - /i)'" ( E A^'^^- ) ^-+« = E ^(-^ - /^ - ^)"«^^^ 

^ — ^ ?7i! s! \ ^ — ^ n! / ^ — ^ ?7i! 

m,s>0 \n>0 / m>0 

= V — aA(-£' - /i)™6rn = a\h 



m>0 

D 

Definition 1 ( [Cheng and Kac, 1997| ). A left (right) representation of an associative conformal 
algebra C on an iJ-module M is an if-linear map p from C to Cend M (Cend*^ M) such that 
p{a („) 6) = p(a) („) p{b) for all a, 6 G C, n > 0. 

For a Lie conformal algebra C, its representation is an if -linear map p : C ^ Cend M such 
that p{a („) 6) = [p{a) („) p(6)], a, 6 G C, n > 0. 

Proposition [1] implies that left (right) representations of an associative conformal algebra C 
are in one-to-one correspondence with right (left) representations of C°p. Obviously, there is 
no reason to distinguish left and right representations for Lie conformal algebras. 

A left representation p of a (Lie or associative) conformal algebra C on an ilf-module M can 
be described in terms of operations (■(„)■): C (g) M —)■ M, n > 0, defined as follows: 

tt (n)b = p{a)nb, a G C, b E M. 

These operations satisfy the analogues of ([I])-(l3l) and ([6]) (for associative algebra) or (ITOl) (for 
Lie algebra). We will also use the formalism of A-products for representations of conformal 
algebras. 
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If C has a left (right) representation on an iJ-module M then M is called left (right) conformal 
C-module. 

A representation p (or the corresponding conformal module M) is said to be finite if M is a 
finitely generated if-module. If p is injective then M is called faithful conformal module. 

Consider a free finitely generated if -module M. If we fix a system of if -linearly independent 
generators ei, . . . , e„ of M then M can be identified with the linear space if ® k", and Cend M 
can be presented as the space of matrices M„(k[i},a;]) ^ k[il),a;] ® M„(k), where 

(17) {f{D, x) ® A)x{h{D) ® n) = /(-A, D)h{D + X) ® Au 
for / G k[D, x], Ae M„(k), /i G ii, m G k". Then 

(18) ifiD, x) (S) A) (A) (giD, x) (g) B) = /(-A, x)g{D + X,x + X)(S)AB 

for f,g e k[D,x], A,B e M„(k) |Kac, 1997[ [Retakh, 20011 . It means that Cend' M is a 
differential conformal algebra (see Theorem [1]) based on the algebra A = M„(k[a;]) with respect 
to the ordinary derivation d = d/dx. 

It is easy to note (see, e.g., [Kolesnikov, 2006a that Cend|^ ~ CendJ^. From now on, we 



will denote by Cend„ the conformal algebra of left conformal endomorphisms of ii ® k". In 
particular, Cendi is just the Weyl conformal algebra from Example [H 

Left and right ideals of Cend„ were described in [Boyallian et al., 2003| . All right ideals are 
of the form Cendp^„ = P(a;)M„(k[i}, x\), where P{x) is a matrix in M„(k[a;]); all left ideals are 
of the form Cend„'p = M„(k[L), x\)P{x - D). 

2.3. Free associative conformal algebras. The class of associative conformal algebras is 
not a variety in the ordinary sense. However, given a set B of generators and a function 
N : B X B ^)- Z+, one may build free associative conformal algebra ConfAs(i?; iV) generated 



by B with respect to the locality function A^ Roitman, 1999 . This algebra has the following 



universal property: For every associative conformal algebra C and for every map a : B ^ C 
such that Nc{(y{a),a{b)) < N{a,b) for all a,b & B there exists a unique homomorphism 
ip : ConfAs(i?; N) ^ C such that ip\B = Oi. 

The structure of ConfAs(i?; A^) was completely described in Roitman, 1999| . In particular. 



its linear basis consists of conformal monomials D^(ai („j) (a2 („2) • • • (ofc (rifc) Ofc+i) •••))) where 
k,s > 0, tti E B, < rii < N{ai,ai+i). It is easy to see that the right-justified monomials of 
the form 

(19) u = D^il... (ai („,) 02) . . . ak) {nk) ^fc+i) 

with the same restrictions on and n^ also form a linear basis of ConfAs(i?; A^). It is natural to 
denote k = deg^ u, s = deg^ u. For every conformal polynomial 

/ = ^ aiUi G ConfAs(i?; A^), «» G k, 

i 

where each Ui is of the form flT9|) . deg^ / (deg^, /) is the maximal degp Ui (deg^) Ui) among all 
Ui such that ai 7^ 0. If deg^, / = then / is said to be D-free conformal polynomial. 

Assume i? is a linearly ordered set. Consider the following order on the basic conformal 
monomials: If u is of the form flT9l) then define its weight as 

wt (u) = {k + 1, Ofc+i, nfc, Ofc, . . . , a2, ni, ai, s) 

and compare weights lexicographically, i.e., 

(20) ui < U2 <^==^ wt (mi) < wt (M2). 
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2.4. Gelfand — Kirillov dimension of conformal algebras. In group and ring theory, the 
notions of growth of a system (group, algebra, or module) and Gelfand — Kirillov dimension (as 
a logarithmic measure of growth) play an important role. For conformal algebras, the analogous 
notions were introduced in [Retakh, 2001 



Suppose C is a finitely generated conformal algebra, V^ is a fixed set of generators. Then, for 
every integer n > 1, the if-submodule V{n) of C spanned by all conformal monomials in V of 
length / < n is finitely generated over H. The Gelfand — Kirillov dimension (GK-dimension) of 
C is defined as 

GKdimC = TSr^"^""^^("\ 

n^oo In n 

This characteristic (real number or oo) does not depend on the choice of a generating set V. If 
C is infinitely generated then its GK-dimension is equal to the supremum of GK-dimensions of 
its finitely generated subalgebras. 

In particular, if GKdimC = then C is locally finite. There are no conformal algebras 
of intermediate GK-dimension between and 1. If GKdimC = 1 then C is said to be of 
linear growth. For example, GKdim Cend„ = 1. Therefore, if an (associative or Lie) conformal 
algebra has a finite faithful representation then its GK-dimension is equal to or 1. 

It was conjectured in [Zelmanov, 2003 and proved in Kolesnikov, 2006a Kolesnikov, 2006b 



that the class of simple finitely generated associative conformal algebras of linear growth co- 
incides with the class of infinite simple associative conformal algebras with finite faithful rep- 
resentation: All these algebras are of the form Cend„^p, detP ^ 0. It is natural to conjecture 
that all finitely generated associative conformal algebras of linear growth have a finite faithful 
representation. As we show in this note, this is not true. 

2.5. Summary of results. Consider the following statements about a torsion-free associative 
conformal algebra C. 

(F) C is finite; 
(FR) C has a finite faithful left representation; 
(FFR) C has a finite faithful left representation on a free if-module; 

(U) C can be embedded into an associative conformal algebra that contains a right unit; 
(TU) C can be embedded into an associative conformal algebra that contains a two-sided 

unit; 
(NA) C has no right annihilator, i.e., {a G C | C (a) a = 0} = 0. 

It is trivial that (TU) implies (U) and (FFR) implies (FR). Also, it follows from the structure 
of Cend„ that (FFR) implies (TU): The element 1 ® In, where /„ is the unit matrix, is a two- 
sided unit of Cend„. It is easy to see (e.g., Kolesnikov, 2006b] ) that (FR) together with (NA) 



imply (FFR). In the same paper, it was shown that free associative conformal algebra with 
uniform locality on generators satisfies (TU). 

Moreover, it is easy to see that (F) and (U) imply (FFR) and (TU). Indeed, if C C C', where 
C contains a right unit e, then C is torsion-free, and the left C-submodule M generated in C 
by the element e is finite over H. The corresponding left representation of C on M is faithful 
since e E M. 

In this note, we will show that (U) does not imply (TU), and (FR) does not imply (FFR), 
in general. 

We state an example of a finitely generated associative conformal algebra C of linear growth 
that satisfies (NA), but does not satisfy (U). In particular, C does not satisfy (FR). 

Another example shows that even a locally finite torsion-free associative conformal algebra 
C may have no faithful finite representation: We construct an example of such C that does not 
satisfy neither (U), nor (FR). 
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Remark 1. It is clear that all these statements above remain valid if we exchange the attributes 
"left" and "right" for representations, units, and annihilators. 

Our main result for associative conformal algebras states that (F) implies (FFR). In particu- 
lar, every torsion-free finite associative conformal algebra satisfies (TU). Being combined with 



the result of Roitman, 2005 , the statement obtained allows to conclude that finite nilpotent 
Lie conformal algebra has a finite faithful representation on a free ilf -module. We use another 
method to obtain more general fact: A finite solvable Lie conformal algebra has a finite faithful 
representation on a free if -module. 

Also, we point out the following curious fact. For a finite Lie conformal algebra, the 
Poincare — Birkhoff — Witt Theorem (in the sense of Roitman, 2000| ) implies the existence of 
a finite faithful representation. 

3. Finite representations of associative conformal algebras 

In this section, we prove that a finite associative conformal algebra C has a finite faithful 
conformal module M which is free as an if-module. In particular, C can be embedded into 
Cend„ for an appropriate n. 

Next, we state some examples of torsion- free associative conformal algebras that do not 
satisfy neither (U), nor (FR). One example is a finitely generated algebra of linear growth, 
another one is infinitely generated but locally finite (of zero GK-dimension). 

Throughout the rest of the paper, the term "representation" stands for left conformal repre- 
sentation. 

3.L Finite conformal algebras. 

Theorem 2. Let C he a torsion-free finite associative conformal algebra. Then C has a faithful 
representation on a free finitely generated H -module. 

Proof. Let 5 be a finite basis of C over H. Then 

C~ConfAs(5;A^)//, 

where N : B x B ^f Z_|_ is an appropriate locality function, / is an ideal of the free associative 
conformal algebra ConfAs(-B; N). 

Lemma 1. (i) If ^ f E I then deg^ / > 1- 

(ii) For every g G ConfAs(i?; A^) \/ there exists unique g G ConfAs(i?; A^) such that deg^ g = 
1 and g — g E I . 

(iii) There exists a constant M such that degj^u < M for all D-free u G ConfAs(-B; A^). 

Proof, (i) The images of elements of -B in C are linearly independent over H. Therefore, if 
/ = Yli hi{D)ai G / for some hi E H , ai E B then / = 0. 

(ii) It follows from the fact that C is generated by B as an if-module. The statement (i) 
implies uniqueness. 

(iii) Consider the multiplication table of C: All ra-products of elements a,b E B are equal in 
C to if -linear combinations of elements of B. Therefore, 

i 9 a („) 6 - ^ h'2l{D)c, a,bEB, 0<n< N{a, b), h'^l E H. 
ceB 

Denote by M the maximal deg /i^'^ that appears in this table. 

It is enough to show that deg^, u < M for all i^-free monomials u of the form fITIJl) . Assume 

wt (m) = (A;, Ofc, rik-i, ak-i, . . . , ni, ai, 0). 
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Proceed by induction on A; > 1. For k = 1,2 the statement is obvious. For k > 2, u = f (n^.i) Qfc, 
where w is a D-free monomial of length k — 1. Then u — v („^_i) flfe £ I, but ([2]) implies v (uk-i) '^k 
to be a Z^-free conformal polynomial of degree two in B (or v (uk-i) ^-fc = 0). Therefore, 
deg^ u < M. D 

Denote hy B' = B U {v}, where v ^ B. Fix a non-negative integer constant M' and define a 
function N' : B' x B' ^^ Z+ in the following way: 

N'Ibxb = N, N'{v, x) = OioTxe B', N'{b, v) = M' for b e B. 
Note that ConfAs(i?; A^) is a conformal subalgebra of ConfAs(i?'; A^') for any M'. 
Lemma 2. Suppose f G ConfAs(i?; A^), m > 0. If f (^rn) v = in ConiAs{B'; N') then 

/ = /i + D^+Va, /i, /2 e ConfAs(i?; AT), deg^ fi<m- M' . 
Proof. As an arbitrary element of ConfAs(i?; A^), / can be presented in the form 

/ = ^ D'us, deg^ Us = 0. 

s>0 

Without loss of generality, we may assume / to be homogeneous of degree k > 1 in B. 

Assume there exist s > such that max{— l,m — M'} < s < m and Us ^ 0. Choose the 
minimal such sq. Let 

(• • • ((fll (ni) ^2) (na) ^2) (ng) • • • ) (nfc_i) <^k 

be the principal term of Ug^, with respect to the order (l20l) . Then 

((• • • ((«1 (ni) «2) (na) «2) (^3) • • • ) (nfc„i) «fc) (m-so) t- 

is a basic monomial of ConfAs(i?'; A^') which is a principal term of / („) v. But f {m)V = 0, i.e., 
it has no principal term. D 

Denote by J the ideal of ConfAs(i?'; A^') generated by /, and let Cm' stands for the quotient 
conformal algebra ConfAs(-B'; A^')/J. 

Lemma 3. The initial conformal algebra C is a subalgebra of Cm' for every M' > 0. 

Proof. Due to the definition of A^', the set 

I + HiI-v):=lf + J2 D'{gs K) v) \f,gse I, n, > o| 

is an ideal of ConfAs(-B'; A^'). Obviously, / + H{I -v) = J. But for every s > either all terms 
of D^{gs („^) v) contain v or g^ („^) t> = 0. Therefore, J fl ConfAs(-B; A^) = /, that proves the 
lemma. D 

Lemma 4. Conformal algebra Cm' is a torsion-free H-module. 

Proof. Assume there exists / G ConfAs(-B'; A^') such that f ^ J but h{D)f G J for some 
nonzero h & H. 

As an arbitrary element of ConfAs(-B'; A^'), / can be presented in a form 

k 

/ = /o + ^D^(^.(„,)t;), /o,(7. GConfAs(i?;Ar), n, > 0. 

Let us choose such an element / with minimal k. Then k > (otherwise, C contains nonzero 
torsion), and gk (rik) '^ ^ J- 
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Suppose deg h = m. Then 



h{D)f = hiD)fo + D''+^\g,^r^,)v)+ J2 D 



k+m—l 




where Ug are D-free elements of ConfAs(i?'; A^'). It was shown in the proof of Lemma [3] that 
J = I + H{I-v). Hence, in particular, there exist g E I and / > such that gk(nt,)V = g{i)V E J, 
a contradiction. D 

Hence, one may consider Cm' as a regular left conformal module over its subalgebra C. 
Denote by U its conformal C-submodule generated by v. This is a finitely generated torsion- 
free if-module, hence, C has a finite representation on the free if-module U. 

It remains to show that if M' > M, where M is the constant from Lemma [U^iii) , then U is 
a faithful conformal C-module. 

Assume there exists / G ConfAs(i?; A^) such that f ^ I but f {n-^v & J for all n > 0. By 
Lemma [D^ii), there exists 



s>so 

where Ug^ y^ 0, Sq >0. Then 

/ (so) V = {-lySolUso (0) V ^ J- 

Hence, there exists 7^ a G kB such that a (o) f G J. But J = I + H{I ■ v), so there exist 
g E I and m > such that g [m)V = a (0) f , or 

{{-iTmlg - D^a) („) v = Q. 

By Lemma El 

{-l)'^m\g-D'^a = ^D'us, deg^w, = 0, 

s>0 

where m^ 7^ only for s > m or for s <m — M'. 
Consider 

~g = J2D'us. 

s>0 

By definition, 

^_((_l)-^!^_Z)-a)eJ, 

and by Lemma [T] we have deg^Ug = 1, degj^Us < M for all nonzero Us- Therefore, all terms 
of g are linear in B, and their degrees in D are either > m or < m — M' + M < m. Also, 
g + D"^a G /, so we obtain a non-trivial iJ-linear combination of elements of B which is equal 
to zero in C. This contradicts to the condition TothC = 0. 

Thus we have proved t/ to be a finite faithful conformal C- module (the action on v is faithful). 
By Lemma m f/ is a free if -module, so C satisfies (FFR). D 

Since (FFR) implies (TU), we obtain the following 

Corollary 1. A finite torsion-free associative conformal algebra can be embedded into a finitely 
generated associative conformal algebra of no more than linear growth with a two-sided unit. 
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3.2. Infinite associative conformal algebras. Here we state some examples to show that 
Theorem [2] can not be expanded neither to finitely generated associative conformal algebras of 
linear growth nor to locally finite infinitely generated associative conformal algebras. 

Example 4. Consider the free 1-generated iif-module Mi = Hv. Then 

(21) C = Cendi ©Mi 

is an associative conformal algebra with respect to the A-product 

(a + u) (A) (6 + w) = a (A) 6 + a\{w), a,b E Cendi, u,w E Mi 
(split null extension). 

By the definition, CendMi = Cendi ~ k[D,a;], where x (o) v = Dv, see flTTl) . It is clear that 
C is a finitely generated associative conformal algebra of linear growth. 

Assume C is embedded into an associative conformal algebra C that contains a right unit e. 
Then Nc'{v,e) = n > (otherwise, {v (o) e} = 0), but = x (o) (f (n) e) = (x (o) v) („) e = 
—nv (n-i) e 7^ 0. The contradiction obtained shows that such C does not exist, i.e., C does not 
meet (U). Hence, C°p can not be embedded into an associative conformal algebra with a left 
unit. 

As a corollary, the algebra C from ( ET]) does not satisfy (FR). Indeed, note that C contains 
a left unit, so it satisfies (NA). Thus, if it has a finite faithful representation then it also 
satisfies (FFR). But every conformal algebra with (FFR) also satisfies (TU), which is not true 
for C. 

Next, let us state an example of a conformal algebra that satisfies (FR), but does not sat- 
isfy (FFR). 

Example 5. Assume C is the algebra from Example HI Then C°^ does not meet (TU), hence, 
it does not satisfy (FFR). Let us show that C has finite faithful right representation (on an 
if -module with nonzero torsion). Then C°^ would satisfy (FR), but not (FFR). 

Consider the right ideal Cend2._i of Cendi, and the free 1-generated if -module Mi generated 
by an element v. Then 

Ci = Cend^^i®DMi, 

is a right ideal of C. 

It is clear that M = C/Ci is a 2-generated if -module, the generators are 1 = 1 -|- C2 and 
V = V + C2. Moreover, Tor//(M) = kw 7^ 0. However, the regular right representation induces 
right representation of C on M, which is obviously faithful (1 (a) f{D,x) = f{D -f- A,A)i, 
1 (A) f{D)v = f{X)v). 

Finally, let us state an example of a locally finite torsion-free associative conformal algebra 
that does not satisfy neither (U), nor (FR). 



Example 6. Consider the free 2-generated ii-module M2 generated by two elements ei, 62- 



presentation as M2(Ik:[i5,x]). 

Denote by Cq the set of all matrices 



Identify M2 with ii (g) k^, assuming Ci = I n I ' ^2 = I 1 1 • Then CendM2 has natural matrix 



{V f(hf)- f^H.seHD..]. 



It follows from ( ITSjl that Co is a subalgebra of CendM2. 
Now, consider the split null extension 

C2 = Co © M2. 
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This is a torsion-free infinite associative conformal algebra which is locally finite, and it has a 
left unit, i.e., satisfies (NA). 

Let us show that C2 does not satisfy (U). Assume there exists C ^ C2 such that C contains 
a right unit e. Denote n = Nc>{e2, e), and note that n > 0. Also, denote 

ak = ("q I") G Co, A; > 0. 

By definition, Uk (0) ^2 = ■^-^'^^i- Since Nc'{ei, e) > 0, there exists m > such that ei (m) e 7^ 0. 
Consider 

= On (0) (e2 {n+m) &) = [an (0) 62) (n+m) 6 = — D Ci („+m) 6 = ( — 1) I I Ci („) 6 7^ Q. 

The contradiction obtained shows that C02 can not be embedded into an associative conformal 
algebra with a right unit. Hence it does not satisfy (FFR) and also (FR). 

4. Finite solvable Lie conformal algebras 

The main purpose of this section is to show that a finite torsion-free solvable Lie conformal 
algebra has a finite faithful representation on a free if-module. 

Throughout this section, A-product on a Lie conformal algebra L is denoted by [■ (a) ■] : 
L L — !■ L [A] . For ra-products we use similar notation: 

[a (A) b]= 5Z ~1^^ (") ^]' ^' ^ ^ ^• 

n=0 

If V^ is a conformal L-module with respect to a representation p : L —¥ CendV^ then p{a)\V G 
V[X\ is simply denoted by a(A)f, a G L, t> G V . By Ker l^ we denote the set {a G L | a(A)F = 0}. 

4.1. Double construction for representations. Let us start with a remark demonstrating 
the main idea of this subsection. Consider an ordinary finite-dimensional Lie algebra g, and let 
L = Cur Q be the current conformal algebra over q. In order to show that L has a finite faithful 
(conformal) representation one may use the classical Ado Theorem: The functor Cur allows to 
raise a representation of g to a representation of L. 

However, the same result can be easily obtained as follows. Consider g as a Leibniz algebra 
and construct its finite faithful conformal representation p Kolesnikov, 2008] on the free H- 
module 

where 

p(a)Al = Aa, p{a)xb=[a,b], a,b e g. 

This is straightforward to check that p can be extended to a conformal representation of L by 
sesqui-linearity. This representation is obviously finite and faithful. 
A similar idea leads to the following 

Theorem 3. Let L be a Lie conformal algebra. Then L has a finite faithful representation (on 
a torsion-free module) if and only if there exist two finite conformal (torsion-free) L-modules 
V, M, and a k-linear map 

(■ (A) ■) : L ® K ^ M[\] 

such that: 
(Dl) {Dx (A) v) = —\{x (A) v), {x (A) Dv) = (D -\- \){x (A) v) for all x E L, v E V; 
(D2) X (A) {y (^) v) - {y (^) (x (a) v)) = {[x (a) y] (a+/.) v) for all x,y E L, v E V; 
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(D3) {aeL\ {a^x)V) = 0} n Ker 1/ n KerM = 0. 

Proof. If L has a finite faithful representation on a (torsion-free) module U then one may 
consider V = M = U and let (■ (a) ■) be the module action of L on U. It is obvious that 
(D1)-(D3) hold. 

Conversely, assume such V and M exist. Consider U = V (B M and define an action 

as follows: 

afx)V = a^x)V + X{a^x)v), 
a(x)m = a (A) m 

for a & L., V &V , m & M. It follows from (Dl) that this map is sesqui-linear. In order to check 
that fl22|) defines a conformal representation of L it is enough to show 

(23) x(x){y(p,)v) - y{^){x(x)v) = [x (a) y]{x+f,)V, x,y e L, v e V. 

Indeed, (D2) implies 

X{x){y{h'") - VMi^ih'") = ^wiy (m) ^ + ^(l/ (m) ^)) - Vihi^ (A) v + X{x (a) y)) 

= X (A) {y {p) v)-y (^) (x (A) v) + \{x (a) {y (^) v)) - \y (^) (x (a) y) 
+ ^^x (A) (y (m) -v) - f^{y M {x (A) t;)) = [x (A) y] (A+/.) t' - A([y (^) x] (a+^) v) + fi{[x (a) y] (a+/.) t^)- 
It remains to note that 

{[y (m) x] (a+a') t^) = -([x (_d-m) y] (a+m) t;) = -([x (A) y] (x+f.) v), 

and then fl23|) follows. 

Finally, note that (D3) guaranties the representation obtained to be faithful. If both V and 
M are torsion-free i?-modules then so is f/ = V" © M. D 

Remark 2. The representation of L = Curg described in the beginning of this subsection 
appears from trivial L-module V of rank one and the regular module M = L. 

We may now deduce a condition (slightly stronger than just an embedding of a Lie conformal 
algebra into an associative one) that is sufficient for existence of a finite faithful representation. 

Corollary 2. Let L be a finite Lie conformal algebra. If for every ^ x & L there exists 
{U, l) G S{L) such that l{x) (a) t/ 7^ then L has a finite faithful representation. 

Proof. First, let us note that L has to be torsion-free. Indeed, t(x) (a) f/ = for all x G Tor^^L, 
{U, i) G £{L). This is impossible if every x 7^ does not annihilate an appropriate associative 
envelope. 

Next, let us show that there exists {U, l) G £{L) such that l{x) (x) U y^ for all 7^ x G L. 
Assume the converse, and choose a basis B oi L over H. Consider the family of universal 
associative envelopes {Un{L), ln) [Roitman, 2000| , where A^ is a positive integer considered as 
an upper bound for the locality function on ln{B) C Un{L). Then 

JjY = {a: G L I ^^(x) (a) Un{L) = 0} 7^ 0, A^ > 1, 

is a descending chain of ideals of L. Moreover, if h{D)x G In for some ^ h & H then x G In- 
Therefore, L/In is a torsion-free if-module. Since L is a finite conformal algebra, there exists 
Aq such that In = Inq fo^' ^ill A^ > Nq. An arbitrary associative envelope {U, l) is an image of 
{Un{L), ln) for sufficiently large A^, so l{Ino) (x) U = for all (f/, t) G S{L). Hence, Inq = 0. 

Finally, choose an envelope {U,l) G £{L) such that l{x) (a) f/ 7^ for every 7^ x G L. 
Consider V = l{L) C t/ as a conformal L-module with respect to the adjoint action: X(a) t{y) = 
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t{[x (A) y]), x,y & L. Denote by M the if-submodule of U spanned by all t{x) („) L{y), x,y & L, 
n > 0. Consider M as a conformal L- module with respect to the commutator action: 

X („) {i{y) (m) i{z)) = [l{x) („) {L{y) („) l{z))], 

x,y, z E L, n,m > 0. Relation (iT6ll implies that a; („) M C M for ah x E L, n > 0. 
Define 

{■^x)-):L0V^M[X] 
by the rule 

{x (A) i^iy)) = i^ix) (A) L{y), x,y e L. 
It remains to check that V, M, and (■ (a) ■) satisfy the conditions of Theorem[31 Indeed, (Dl) 
holds by definition, (D2) follows from fITB]) . and (D3) is guaranteed by the choice of U: Since 
U is generated by l{L), we have {x (a) V) = i{x) (a) l{L) ^ for every 7^ x G L. D 

4.2. Central PBW property. 

Proposition 2. Let L he a finite torsion-free Lie conformal algebra with a basis B over H . 
Assume L has the PBW property with respect to B. Then L has a finite faithful representation 
on a free H -module. 

Proof. If for some odd integer A^ > the graded universal envelope grUNiL) of L is isomor- 
phic to the free commutative conformal algebra ^n{B) generated by B with locality A^ then 
{Un{L), ln) satisfies the conditions of Corollary [2l 



Moreover, it follows from Roitman, 2000 Theorem 5] and the final remark of Roitman, 2000 
Section 5] that for every odd N > there exists an embedding of conformal algebras 

dN{B) C Cur k[p^ I s = 0, . . . , LiV/2j, beB], 

defined by 

b^ J2 -{-dY^pI, beB. 

Therefore, ^n{B) is a torsion- free conformal algebra, and the modules V and M constructed in 
the proof of Corollary [2] are free. Theorem [3] implies that L has a faithful finite representation 
on a free if-module. D 

Example 7. There exist finite torsion-free Lie conformal algebras that have no PBW property. 
For example, consider the Virasoro conformal algebra Vir = Hx and its trivial module V = He 
of rank one, x (a) e = 0. 

Then the split central extension L = Vir © V has no PBW property with respect to B = 
{x, e}. Indeed, for every {U, l) G S{L) we have 

[l{x) (0) {l{x) („) i(e))] = -nL{x) („_i) i(e), n > 1. 

Hence, iV[/(t(x), i(e)) = 0. 

We are going to introduce another property of the same flavor (called central PBW property) 
and prove that it holds for finite solvable Lie conformal algebras. 

Let L be a finite torsion-free Lie conformal algebra. Consider the space C = k[t] ^h L, where 
k[t] is a right if-module with respect to the action defined by f(t) ■ D = —f'(t), f G k[t]. (This 
is just the positive part of the coefficient algebra of L |Kac, 19971 [Roitman, 1999| .) Note that 
lowdeg (t"^ ■ f{D)) = m — deg f, where lowdeg (g), g e k[t], is the smallest s such that t* appears 
in g{t). 

Define the family of linear maps 
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by the rule 

(24) x^n){t'^^Ha) = ^l^]t"'+'^H[xin-s)a], x,aeL, n,m>0. 

Lemma 5. The operations flM|) are well-defined. 
Proof. For every x,aGL,n,m>Owe have 



X („) {t^ ®H Da) = J2 f''V"^+' ®H [x („) /^a] 

s>0 ^^^ 

= Y^ [jf^^'^H {D[x(^n-s)a] + {n - s)[x (^n-s-1) a]) 
= -J2im + s) [Jt""^"'^ ^H [x (n-s) a] + ^(n - s) ( J^™^' ®H [x („_.-!) a] 

s>0 ^ ^ s>0 ^ ^ 

+ 5^(s + 1) ( "^ ^)i"+' ®// [x in-s^i) a]=x („) (rD 0H a). 

n 

Lemma 6. The operations ( 12^ satisfy the following relations: 

Dx (n) U = -nx („_i) M, 
a; („,) (?/ (m) u)-y („) (a^ (n) m) = X^ f j k (n-r) V] {m+r) U, 

x, 1/ G I/, M G £, n, m > 0. 

Proof. By definition, if m = t' (g)// a G £, a G L, / > 0, then 

Da; („) u = ^ ( ^ ] t'+" (g)// [Dx („_,) a] = - ^{n -s)[] t'+' ®j:/ [x („_,_i) a] 

= -n ^ ( j i'^^ ®H [x {n~s-i) a] = -nx („_i) u 



s>0 



for all X G L, n > 0. 

Moreover, if u G £ as above, x,y & L, n,m > then 



j ( jt'+P+'? (g)^ [x („„g) [y („_p) a]]. 
....... " / vy / 



P.9>0 

Similarly, 



1/ (m) iX(n)U)= Y i \( jt'+P+« ®^ [y (^^_p) [x („_g) a]]. 
P,9>0 ^^^ ^"^^ 
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Hence, 

(25) X („) {y (rri) U) - y (m) {x (n) u) 



p,g>o ^^^ ^^^ 

p,r,s>0 V^/ V / V / 

for r = g + s. Changing the summation variable to k=p + r — s leads (125|1 to 

E ( J ( A; -T+ J ( J^'^' ®^ [["^ ("-^) ^^ (™-'+^) ""] 
k,r,s>0 ^ / ^ "•" / V / 

= E ( ^ ) ( yt ) ^'^'^ ®^ [[^ ("-^O ^] C'^+'-fc) ^] = E ( ^ ) [^ ('^-'■) ^] (™+^) "• 

r,fc>0 ^ ^ ^ / r>0 ^ ^ 

D 

Sesqui-linearity (ED allows to expand (1211) to a family of maps (■(„)■): L (g) t/ —t- f/, where [/ 
is the free if-module generated by the space C However, U is not a conformal L-module since 
the locality axiom ([1]) does not hold. 

Definition 2. Suppose L is a finite torsion-free Lie conformal algebra with a basis B over 
H. We say that L satisfies central PBW property with respect to B if there exists a function 
N : B —^ Z4. such that N{b) > for all 6 G i? and the subspace 

I{B, N) = SpaUklt"' ®H a I m > N{a), a E B} C C 

is invariant under the action flMl) of L. 



Example 8. If g is a finite dimensional Lie algebra with a basis B over k then L = Cur g has 
the central PBW property with respect to B. Indeed, it is enough to consider A^ = 1 

The Virasoro conformal algebra Vir has no central PBW property. If x is the generator of 
Vir over H then x (0) (t™' ®h x) = t™ ^h Dx = —nvV^'^ ®h x, so I{B, N) can not be invariant 
under 1^^ except for A^ = 0. 

Theorem 4. If L satisfies central PBW property then L has a finite faithful representation on 
a torsion-free H -module. 

Proof. Suppose I{B, N) C C is invariant under the action defined by (^^. Let V = Hu be the 
free 1-generated if-module and M = H ® {C/I{B, N)) be the free if -module generated by the 
finite-dimensional space C/I{B,N). 

One may consider V as an L-module with respect to the trivial action x (a) m = 0, a; G L. 
Note that fl24l) induces the family of operations (■ („) ■) : L(8)M — )■ M, n > 0, satisfying ([2]), ([3]), 
and fITOl) . Moreover, these operations also satisfy ([1]) since for every w E C and for every x E L 
we have a; („) tt; G I{B, N) for sufficiently large n. Hence, M is a finite torsion-free conformal 
L-module. 

Define (■(„)■): L (8> V —)■ M, ra > 0, in the following way: Set 

(26) {x^n)u) = l®ir®HX + IiB,N)), xeL, 
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and expand to the entire V by the sesqui-hnearity (see (Dl) in Theorem [3]) . Given x & L, the 
space I{B, N) contains t" 0// x for almost all ra > 0, so we may define 

A" 

{x (A) v) = ^ — {x (n) v) e M[A], xeL, veV. 

n>0 

It follows from the construction that {Dx („) v) = —n{x („_i) v), so the condition (Dl) of 
Theorem [3] holds. Later we will identify notations for w E C and 1 ^ {w + I{B, N)) G M. 
Let us check (D2). It is enough to consider v = u E V. By fl26|) . 

X (n) {y (m) U) - {y („) {X (n)U)) = ^ij t"""^' ^H [x (n-s) Z/] = J^ ( ^ 1 (^ (n^s) 2/] (m+s) «), 



s>0 ^ ^ s>0 



for all x,y E L, n,m > 0. This implies (D2). 

Finally, assume that {x (a) u) = for some nonzero x = ^j/ij(-D)6j E L, hi E H, hi G 5. 
Then x can be rewritten in the form 



m 
X = 

s=n 



^ D'y,, y, G k5, |/„, y^ ^ 0. 



Therefore, = (x („) u) = t" ®h ^"z/n = (-l)"n!l ®h ^n, but l^uyni 1(3, A^) if ^ ?/„ G k5 
and N{b) > for all b E B. Hence, the condition (D3) of Theorem [3] holds, so L has finite 
faithful representation on the free if -module V © M. D 

4.3. Representations of solvable algebras. Suppose L is a Lie conformal algebra. Denote 
by L' the subspace of L spanned by all elements [x („) y], x,y E L, n > 0. It is clear that L' is 
an ideal of L. Define the chain of ideals L^"'^ as follows: 

Li = L, L("+^) = (L("))', n>l. 

If there exists n > 1 such that L^"'^ = then L is said to be solvable. 



The structure of finite solvable Lie conformal algebras was described in D'Andrea and Kac, 1998 
Theorems 8.4, 8.5]. 

Theorem 5 (Conformal version of Lie's Theorem, D'Andrea and Kac, 1998] ). Let L be a finite 
torsion-free solvable Lie conformal algebra, and assume the base field k is algebraically closed. 
Then there exists a sequence of ideals 

= Lq C Li C ■ ■ ■ C Ln = L 

such that Li^i/Li is a free H -module of rank one for each i = 0, . . . ,n — 1. Moreover, the 
adjoint representation of L on itself induces the structure of a weight conformal L-module on 

Li^i/Li = Ha, i.e., there exists a linear map ip : L ^^ k[A], (y9 : x i— ?■ ipx{\), such that 

[x(A) a] = v2x(A)a. 

Theorem 6. For every finite torsion-free solvable Lie conformal algebra L over an algebraically 
closed field k there exists a basis B of L over H such that L satisfies the central PBW-property 
with respect to B. 

Proof. Theorem O implies that there exists a basis B = {bi, . . . , 6„} of L such that 

n 

[a (A) h] = ^ ^i,iiD, X)bj, aE L, v?i,i e k[D, A], i = 1, . . . , n, 
j=i 

i.e., the regular representation of L on itself is triangular. Moreover, ip\^{D, A) = ^ai.^)- 
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Define a function N : B ^- Z+ in tlie following way. Choose any integer K > 0, and set 
N{hn) = K, iV(6i) = max {iV(6,) + deg^ ifi,}, l<t<n- 1. 

j>i,a£B ' 

Then I(B,N) is invariant with respect to fl24|) . Indeed, let a G A and 

s>0 

In particular, N{bi) > N{bj) + deg fl'^ for all j > i. Then for every m > N{bi) we have 
a (.) (r ®H h) = E (^) t-+^ ®H [i^ fS-\D)b, 






j=i ^ s>0 ^ '' ^ j=i 

where lowdeg^f^f > m — maxdeg fl\ ~'^ > N{bj) for j > i. If j = i then /^'j~* G k, so, finally, 

a (k) (t™ ^H h) e I{B, N), ae B, m> N{bi), i = l,...,n. 
This is enough to conclude that L has the central PBW property with respect to 5. D 

Theorem 7. A finite torsion-free solvable Lie conformal algebra L has a finite faithful repre- 
sentation on a free H -module. 

Proof. If the field k is algebraically closed then the claim follows from Theorems H] and O 
Suppose k is an arbitrary field (of characteristic zero), and let k stands for its algebraic 

closure. Then L = k®k-Z^ is a Lie conformal algebra over k. If L is finite (torsion- free, solvable) 

then so is L. 

To complete the proof, we only need the following 

Lemma 7. Suppose L is a finite torsion-free Lie conformal algebra over k. If L = \ ®^ L 
has a finite faithful representation on a free module over H = k[D] then L has a finite faithful 
representation on a free H-module. 

Proof. Let B stands for a finite basis of L over H = k[D], then i? is a basis of L over H = k[D]. 
The multiplication table of L with respect to B coincides with the one of L. Assume 

[« (A) ^] = E 9a,biD, A)c, a, 6 e 5, g^^^ e k[D, X] . 
ceB 

Suppose V^ is a finite faithful conformal L-module which is free as an ^-module. Let us 
choose a basis {ei, . . . , 6^} of V^ over H. Then the structure of a conformal L- module on V is 
given by 

m 

«(A) ei = J^V5a,i(^'-^)ej' i = l,...,m, aeB, (p^^- ek[D, X]. 
i=i 
Since the number of polynomials (^^ j is finite, there exists a finite extension F of the field 
k such that all these polynomials belong to F[D,X]. We may assume F = k(a), where a is 
algebraic over k. Suppose n > 1 is the degree of the minimal polynomial for a. Then we may 
find fl\i^ G k[D, X], k = 0, . . . ,n — 1, i,j = 1, . . . ,m, b E B, such that 

n— 1 

(27) «VMp>A) = 5^a7^i,(l^,A). 

1=0 
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Consider the free if-module W generated by the finite set {ef \ i = 1, . . . ,m, k = 0, . . . , n— 1} 
and define 

m n—1 

(28) 6(A)ef = 5^^/g,(AA)4, beB. 

j=l 1=0 

Relation f l28|) can be extended by sesqui-hnearity to a map {■ (^x) ■) '■ L ^ W ^ W[X]. Let us 
check that the analogue of ([8]) holds for this operation, i.e., in our notations, we have to show 
the equation 

m n—1 

(29) E E [nUD + >^)fa:h{D, A) - /^i,(D + /., X)f^;l,{D, /.)] 

j,p=l l,q=0 

m n—1 

= E E E 9:a-^ - /^, ^)fcUD, A + /.) 

ceB p=l 9=0 

for all a, 6 G -B, z = 1, . . . , m, /c = 0, . . . , n — 1. 
It follows from ([H]) for the action of L on l^ that 

m 

(30) E HAD + Kf^)vUD,X)-vi,{D + f^)^l^{D,f^)] 

m 

= E E 3'a,b{-^ - ^> >^)^l,i{D, A + /i), a,be B, i = l,...,m. 

cGB p=1 

Now we can multiply both sides of f l5U]) by a'^, fc = 0, . . . , n — 1, and apply (^7^ to obtain fl2^ . 
Finally, if a; = ^ fh{D)b G Ker PF for some fb{D) G if then we have 

(31) E/^(-^)/m,.(^'^) = 

fees 

for all j = 1, . . . , m, / = 0, . . . , ra — 1. In particular, 

E "' ( E M-^nikiD, A) ] = a^ E /''(-^)<.(^' ^) = 0- 

i=o VfeeB / beB 

Therefore, x (x) V = 0. Since V is faithful, we have a; = 0, so H^ is a faithful conformal 
L-module. D 

D 
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